Siphon plays essential role in the occurrence of deadlocks for the flexible manufacturing system (FMS) modeled by Petri nets. For siphon-basedadeadlockapreventionastrategies, the selection of a siphon to be controlled in each iteration may affect the number of permissive behaviors and theastructuralacomplexity ofathe controlledasystem. Foraaaclass of Petri nets called systems of sequential systems with shared resources (S 4 PR), an iterative policy based on mixed integer programming (MIP) is introduced in this paper. In each iteration, a minimal bad siphon (MBS) with minimum number of places and resources is derived to control. Some experiments show that the resultant system obtained by the proposed strategy has simpler structure and more permissive behaviors than those obtained from existing methods. Meanwhile, the computational complexity of the policy is low because the complete state and siphon enumeration are avoided.
I. INTRODUCTION
Deadlock seriously affects the production efficiency of flexible manufacturing systems (FMS) [1] . Therefore, some effective mechanism must be established for deadlock blocking [2] . Deadlock prevention is such an offline mechanism [3] , bad states can be completely avoided by controlling the request for system resources. In recent years, how to design deadlock prevention policies has become one of the hottest topics in deadlock control research area. As a famous modeling tool, Petri net is widely used for describing and analyzing deadlocks in FMSs [4] - [6] . Two analytical approaches are typically performed to deal with deadlocks i.e., siphon-based policies and reachability-graph-based policies.
In the field of reachability-graph-based policies [8] - [10] , the theory of region is first introduced to find the livenessenforcing supervisor of FMS by Uzam and Zhou [7] . They proposed an iterative method. A reachability graph [11] , [12] is categorized into the deadlock-zone and the deadlock-freezone. Deadlock-zone consists of bad states. Deadlock-freezone includes good states. A first-met bad marking (FBM)
The associate editor coordinating the review of this manuscript and approving it for publication was Heng Zhang. defined in the deadlock-zone is found by analyzing the reachability graph at each iteration. A controller designed by constructing the place invariant is added to stop the FBM from been reached. Inspired by this method, Chen et al. [9] , [13] proposed a novel policy for obtaining the optimal livenessenforcing supervisor of FMS. The optimal means the controlled system has maximally permissive behaviors and no good states are removed. In order to avoid calculation of reachability graph repeatedly, minimal sets of permissive markings and FBMs are computed by employing the vector covering approach in the first stage. In the second stage, an FBM is chosen at each iteration and a controller is created to keep the FBM away from being reachable by figuring out an integer linear programming issue [14] .
Although reachability-graph-based policies can always guarantee the optimality or sub-optimality of the controlled system in terms of the behavior permissiveness, they basically suffer from the problem of high computational complexity since the calculation of the reachability graph is required. Consequently, their applications to large-scale of FMS are difficult. In contrast, siphon-based policies may solve this problem since the calculation of the reachability states is avoided.
A siphon is a particular structural object in Petri nets highly associated to the liveness of the net. For ordinary Petri nets, deadlock will never happen if all siphons are marked under control. Therefore, the siphon computation [15] - [21] is the first problem to be solved for siphon-based policies [22] - [30] . For a class of Petri nets called system of simple sequential processes with resources (S 3 PR) nets, Li and Zhou [20] developed a novel resource circuit-based approach to compute strict minimal siphons (SMSs). Motivated by this work, an effective method for SMSs calculation based on loop resource subsets [17] was proposed and the computational efficiency is increased greatly. The similar work includes the concept of the resource-transition circuit (RTC) defined by Xing et al. [31] , SMSs can be derived by computing maximal perfect RTCs.
Ezpeleta et al. [25] revealed that the existence of unmarked SMSs is in close relationship with the occurrence of deadlocks in S 3 PR nets. Thus, they successfully achieved deadlock prevention by controlling all SMSs. Furthermore, a well-known S 3 PR net described in [25] are often used to illustrate and compare the effectiveness of control strategies [7] , [9] , [14] , [23] - [25] , [27] , [29] , [32] - [38] . However, their policy [25] requires the enumeration of all siphons, which is exponential computational complexity. To solve this problem, a MIP-based approach for calculating a maximal unmarked siphon was developed by Chu and Xie [39] . Thereafter, Huang et al. [29] introduced an SMS extraction method from a maximal unmarked siphon and an iterative policy based on MIP was proposed. At each iteration, only one unmarked SMS detected is controlled so that the calculation of all siphons is avoided successfully. To simplify the structural of the supervisor, SMSs are divided into elementary siphons and dependent siphons [40] by Li and Zhou [26] . It has been proved that if elementary siphons are controlled, the related dependent siphons can be controlled too. Consequently, a deadlock-free Petri net may be acquired by only controlling elementary siphons. Such similar works include the policy introduced by Piroddi et al. [23] . For their point of view, siphons are categorized into essential and dominated ones. Dominated siphons are controlled by controlling essential ones. As a result, only bad states are prevented and an optimal Petri net supervisor is implemented.
For S 4 PR nets, which can be a model for more complicated FMS than S 3 PR nets, Park and Reveliotis [41] introduced the notion of deadly marked siphons and a polynomialcomplexity deadlock prevention strategy is accordingly presented. Tricas et al. [27] introduced an MIP-based iterative policy for S 4 PR net based on analyzing the relationship between bad siphons and the liveness of S 4 PR nets. The main contribution of this strategy is that it improves the behavioral permissiveness of the controlled system. According to the concept of bad siphons defined in [27] , we introduced a novel MIP method in our previous work [30] , which extracts a minimal bad siphon (MBS) and an associated bad markings. Based on the MIP method, we developed a deadlock control algorithm [30] , which is called Z-Algorithm here.
The resultant system derived by Z-Algorithm has more permissive states. Nevertheless, siphon-based policies still suffer from the low behavioral permissiveness of controlled systems.
In this paper, a revised iterative deadlock prevention policy is proposed, which is based on our work in [30] . Some results have been described in the conference paper. In our previous work, at each iteration, an MBS with minimum number of places is derived for control. However, when more than one siphon with minimum number of places is detected, the one we choose for control may affect the behavioral permissiveness and structural complexity of the controlled system. Therefore, we improve the method of calculating a bad siphon to be controlled. The controlled siphon is an MBS with the minimum number of places and resources in each iteration. When more than one MBS with minimum number of places is detected simultaneously, the siphon with minimal resources is to be controlled. Several experiments show that the proposed policy can reserve more permissive behaviors and simplify the complex structure of the controlled system. In particular, an optimal Petri net supervisor is devised for a famous S 3 PR net in [25] . In addition, the proposed policy has lower computational complexity than those requiring the calculation of reachable states or complete siphon enumeration thanks to the adopted MIP technique [42] .
The paper is organized by five sections. Petri nets, S 3 PR nets and S 4 PR nets are reviewed in section II. In section III, our previous work based on MIP is reviewed and the improved deadlock prevention policy on basis of controlling of siphons with minimal resources is proposed. In Section IV, two examples illustrate the effectiveness of the proposed method. In the end, conclusions are given in Section V.
II. PRELIMINARIES
A. PETRI NET [43] A Petri net N = (P, T , F, W ) is a 4-tuple, where P and T are finite, nonempty, and disjoint sets. P and T are the set of places and the set of transitions respectively. The flow relation between P and T is denoted by
The incidence matrix of the net N is a |P| × |T | integer matrix with [N ](p, t) = W (t, p) − W (p, t), it is denoted by [N ] . In general, [N ](p, ·) denotes the incidence vector of p ∈ P. A P-vector is a column vector Y :
Given a Petri net N = (P, T , F, W ), a mapping M from P to N is called a marking or state of N , the number of tokens in p ∈ P is denoted by M (p). Let M 0 be the initial marking of the net N , R(N , M 0 ) denotes the set of reachable markings from M 0 in N , it is also called the reachability set of N . For a structural bounded of Petri net, SB(p) denotes the structural
Given a non-empty subset S ⊆ P, S is a siphon if and only if • S ⊆ S • . S is minimal if no siphon is contained in it as a proper subset. S is called a strict minimal siphon (SMS) if it is minimal and does not contain the support of any P-invariant. M (S) = p∈S M (p) is denoted as the sum of tokens for all places in S.
1) The net is the union of a set of nets
is a strongly connected state machine such that every circuit of the state machine contains idle place p 0i ; 5) ∀r ∈ P R , there exists a unique minimal P-semiflow Y r such that {r} = ||Y r || ∩ P R , P 0 ∩ ||Y r || = Ø, [41] : Given an S 4 PR net N = (P 0 ∪ P A ∪ P R , T , F, W ), an SMS S in N , and is a P-semiflow Y r associated with r ∈ P R , the set of holders of r is defined as the difference of two multisets Y r and r, i.e.,
Definition 3 [44] : Given an S 4 PR net N = (P 0 ∪P A ∪P R , T , F, W ), N is said to be an S 3 PR net if the following conditions hold, 1) N is an ordinary net;
III. DEADLOCK PREVENTION POLICY BASED ON MIP A. REVIEW THE PREVIOUS WORK
Tricas et al. [27] revealed the fact that an S 4 PR net is nonlive iff bad siphons are detected. In our previous work [30] , an improved MIP-based method for computing a bad siphon S was proposed as shown in Proposition 1. On the basis of it, the approach for calculating an MBS with minimum number of places was introduced, which can be seen in Corollary 1.
Next, a novel MIP-based approach for calculating bad markings was created as shown in Proposition 2. In order to enable the controller only to forbid bad markings associated with the bad siphon S , also called S -bad markings, the maximal number of resources in S at S -bad markings can be figured out by Definition 3. Finally, the method for adding controllers was defined as indicated in Definition 4, and an iterative deadlock prevention policy for obtaining a live S 4 PR net was proposed. Proposition 1 [30] : A well-marked S 4 PR net (N , M 0 ) is non-live if and only if a bad siphon S and a S -bad marking M ∈ R(N , M 0 ) exist so that S = {p ∈ P A ∪ P R |v p = 0} is obtain by the following constraints:
Corollary 1 [30] : A well-marked S 4 PR net (N, M 0 ) is nonlive if and only if a bad siphon S and a S -bad marking M ∈ R(N , M 0 ) exist so that S = {p ∈ P A ∪ P R |v p = 0} is obtained by the integer programming problem below:
Proposition 2 [30] : A well-marked S 4 PR net (N, M 0 ) is non-live if and only if a bad siphon S and a S -bad marking M ∈ R(N , M 0 ) exist so that one feasible solution is obtained by constraints below.
∀r ∈ S R ,
Definition 4 [30] : Given a well-marked S 4 PR net (N , M 0 ) and a bad siphon S . The definition of M max S is given as follows:
Definition 5 [30] : Given a well-marked S 4 
B. THE PROPOSED METHOD BASED ON MINIMAL RESOURCES OF SIPHONS
When deadlock prevention strategies are designed as an iterative approach, what we want is removing as more as possible bad markings from the considered system in each iteration. More bad markings are removed, the faster the iteration converges. For this reason, in each iteration, we try to find minimal siphons with fewer number of places to be controlled. It is expected that bad siphons with more places are controlled by controlling bad siphons with fewer places. However, the MBS with minimum number of places calculated by corollary 1 is not necessarily unique.
The Petri net shown in Fig. 1 25 . At M 1 , it can be derived from constraints (4)-(5) that M 1 (p 13 ) = 2 ⇒ f t10 = 1 and M 1 (p 19 ) = 1 ⇒ f t16 = 1. For t 10 and t 16 , • t 10 ∩ P R = {p 22 }, • t 16 ∩ P R = {p 26 }. Then, results f p22 t10 = 0 and f p26 t16 = 0 can be deduced from constraints (6) and (10) . These lead to {p 22 , p 26 } ⊆ S R because |f t10 − f p22 t10 − 1| = 0 ⇒ v p22 = 0 and |f t16 − f p26 t16 − 1| = 0 ⇒ v p26 = 0 from constraints (7) . This result fits constraints (8)-(9) as well. In order to ensure that the controlled siphon is an MBS with minimum number of places, v p10 = 0 and v p18 = 0 are calculated from constraints (1)-(2) according to the objective function in Corollary 1. Ultimately, an MBS S 1 = {p 10 , p 18 , p 22 , p 26 } is detected in the first iteration. Similarly, S 2 = {p 4 , p 9 , p 12 , p 17 , p 21 , p 24 } is derived by Corollary 1 in the second iteration. Two controllers V S1 and V S2 are designed by Definition 5 to control them exhibited in Fig. 2 21 , p 25 }. The MBS detected to control may be any of them because Corollary 1 calculates one stochastically. However, the selection of different siphons may give rise to different control results. Therefore, the problem arises which siphon is the best choice. Fig. 3 is a typical S 3 PR net with three resource places, where P 0 = {p 1 , p 5 }, P R = {p 9 , p 10 , p 11 }, and P A = {p 2 −p 4 , p 6 − p 8 }. There exists three SMSs S 1 = {p 3 , p 8 , p 9 , p 10 }, S 2 = {p 4 , p 7 , p 10 , p 11 } and S 3 = {p 4 , p 8 , p 9 , p 10 , p 11 }, S 1 and S 2 has two resource places, S 3 has three resource places. After two controllers V S1 and V S2 are designed to control S 1 and S 2 by using Z-Algorithm [30] , no bad siphon exists, which means S 3 is controlled as well. On one hand, the result shows that S 3 with more places can be controlled by controlling S 1 and S 2 with fewer places. On the other hand, S 3 with more resources can be controlled by controlling S 1 and S 2 with fewer resources.
Based on the analysis above, we propose an improved method for calculating bad siphons to be controlled. The siphon to be controlled is an MBS with minimum number of places and resources. It is expected that when more than one MBS with the minimum number of places are detected simultaneously, siphons with more resources can be controlled by controlling a siphon with fewer ones.
Corollary 2: A well-marked S 4 PR net (N, M 0 ) is non-live if and only if a bad siphon S and a S -bad marking M ∈ (N , M 0 ) exist so that S = {p ∈ P A ∪ P R |v p = 0} is obtained by the integer programming problems below:
constraints in Proposition 1 (28)
Corollary 2 differs from Corollary 1 only in the objective function. Corollary 1 finds the MBS with minimum number of places, while Corollary 2 selects the one with the minimum number of resources in bad siphons with minimum number of places. To prove the validity of the objective function, the following Corollary 3 is given and proved.
Corollary 3: The siphon calculated by Corollary 2 is an MBS with the minimum number of places and resources.
Proof: In [30] , Corollary 1 has proved that the siphon with the minimum number of places is the MBS, which satisfies the constraints in Proposition 1. As a result, it is only necessary to prove that the MBS calculated by the objective function of Corollary 2 must have the minimum number of places and resources. It can be demonstrated from the following two aspects: 1) When more than one siphon has the minimum number of places, the smaller the number of resource places in a siphon, the larger value of the objective function is.
According to the definition of v p , p∈P\P0 v p denotes the number of non-idle places that do not belong to the siphon. The larger the value of it is, the smaller the number of places in siphon is. In particular, r∈PR v r denotes the number of resource places that do not belong to the siphon, and the larger the value of it is, the fewer the resource places are in the siphon. Therefore, the above proposed proposition is to prove whether the inequality p∈P\P0 v p * |P| + r∈PR v r > p∈P\P0 v p * |P| + p∈PR v r − 1 is true. This implies that if two siphons S and S which meet the conditions of Corollary 2 exist, S has the same number of places as S , and the number of resource places in S is one more than the number of resource places in S , then, the value of the function is larger for S than it is for S .
2) The value of objective function gets larger for the siphon with fewer places regardless the number of resources in siphon.
According to the definition of v p , the above proposed proposition is to prove whether the inequality p∈P\P0 v * p |P| + r∈PR v r > ( p∈P\P0 v p − 1) * |P| + r∈PR v r is true. That is, if there are two siphons S and S which satisfy the conditions of Corollary 2, and S has one less place than S , the value of the function is larger for S than it is for S regardless the number of resources in S and S . v r denotes the value of v p for each resource places in S .
Because p∈P\P0 v p * |P| + r∈PR v p = ( p∈P\P0 v p − 1) * |P| + |P| + r∈PR v r and |P| > r∈PR v r ≥ 0, then, the inequality p∈P\P0 v p * |P|+ r∈PR v r > ( p∈P\P0 v p − 1) * |P| + r∈PR v r is true when |P| + r∈PR v r > r∈PR v r . A new iterative control algorithm is presented to make an S 4 PR net live as followed. three monitors are added to make the system live as shown in Fig.5 . V S1 and V S2 are designed to control S 1 and S 2 . For the rest of SMSs, S 3 , S 4 and S 5 have the minimum number of places. However, S 3 is the only one to be controlled because the number of resource places in it is the least. Fig.1 shows an S 3 PR net which has 26750 reachable states, where 21581 states are safe. When Z-Algorithm is applied to it, 18 MBSs are detected and 18 controllers are added to control them as exhibited in Table 1 . A live controlled system is acquired and has 21572 reachable states. Instead, when Algorithm 1 is applied to it, 15 MBSs are calculated, and the optimal liveness-enforcing supervisor is created as shown in Table 2 . The main reason for the different results derived from Z-Algorithm [30] and Algorithm 1 is the selection of controlled siphons. In each iteration, when more than one MBS with minimum number of places is detected, the Z-Algorithm randomly selects one of them to control, while Algorithm 1 chooses the one with minimum number of resource places. In particular, when the MBS derived by Z-Algorithm happens to be the one with minimum number of resources, the same control result is obtained by Algorithm 1. However, this result is only one of many possible results devised by Z-Algorithm.
IV. EXAMPLE

B. EXAMPLE 2
As mentioned in section IV, in the third iteration of Z-Algorithm, three MBSs with minimum number of places S 3 = {p 2 , p 4 , p 8 , p 13 Table 1 , S 4 is chosen to be controlled. In Table 2 , S 3 is to be controlled because the value of the objective function of Corollary 2 for S 3 in Algorithm 1 is larger than that for S 4 , which means the number of resources 
Algorithm 1 Deadlock Prevention Policy Based on Siphon With Minimal Resources
Input: A well-marked S 4 in S 3 is fewer than that of resources in S 4 . In fact, in the first seven iterations, it is observed that MBSs in Table 1 and Table 2 are the same regardless of which one is to be controlled in the third iteration. The difference is just the order of the siphon to be controlled. 24 , V S3 , V S5 , V S6 }. In Table 1 , S 10 with maximal number of resources is selected to be controlled. Instead, S 6 with minimum number of resources is to be controlled in Table 2 . Due to these different choices, the liveness-enforcing supervisor designed by Algorithm 1 is not only optimal, but also simple in structural complexity.
To show the effectiveness of the proposed strategy, result analyses of some valuable existing deadlock prevention policies carried out to the S 3 PR net in Fig.1 is presented in Table 3 . The first column states the policies and the other columns represent respectively three important criterions, i.e., computational efficiency, behavioral permissiveness and structural complexity. In more detail, the second column shows the number of added control places, the third presents the number of reachable states, and the fourth reveals the computational complexity.
It can be figured out from Table 3 that the obtained resultant system by policies introduced in [7] , [23] , [45] are optimal controlled or suboptimal controlled. However, these policies have high computational complexity because of the complete siphon enumeration and the computation of the reachability graph. Although the computational complexity of policies proposed in [14] , [24] , [27] , [29] , [30] , [32] is as low as that of the proposed policy, the number of permissive behavior of controlled systems obtained by these policies is much smaller than the proposed one. It can be concluded from the comparison above that the proposed policy has the low computational complexity as well as more permissive behavior. Besides, for the well-known S 3 PR net [25] , the optimal liveness-enforce supervisor is obtained by the proposed policy.
V. CONCLUSION
This work introduced a mixed integer programming based (MIP-based) deadlock prevention policy for S 4 PR nets. In particular, a method that calculates a minimal bad siphon (MBS) with the minimum number of places and resources was proposed. By controlling the MBS at each iteration, all bad markings are avoided. Experimental results show that the structure of the controlled system is simplified because siphons with more resources may be controlled by controlling ones with fewer resources. In the meanwhile, more permissive behavior of the resultant system is reserved. Although it is worth noting that the proposed policy is not effective for all of S 4 PR nets, the idea of controlling MBS in order is a new point of view for deadlock control. Our future work is to study the new selection method of siphons to be controlled for more types of S 4 QIUHONG TIAN received the M.S. degree in computer science and technology from Liaoning Shihua University, in 2003, and the Ph.D. degree in precision measurement, in 2017. In 2013, she joined Zhejiang Sci-Tech University, where she has been an Associate Professor with the Department of Computer Science and Technology, since 2012. She was a Lecturer with the Department of Computer Science and Technology, Zhejiang Sci-Tech University, from 2016 to 2019. She is the author of more than 10 journal articles and has written one book chapter. Her current research interests include precision measurement, holography, and digital image processing.
